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Abstract 

We provide a new proof of the sharpness of the phase transition 
for Bernoulli percolation and the Ising model. The proof applies 
to infinite-range models on arbitrary locally finite transitive infinite 
graphs. 

For Bernoulli percolation, we prove finiteness of the susceptibility 
in the subcritical regime /3 < /Sc, and the mean-field lower bound 
P^[0 -< — >• oo] > (/3-/3c)/d for d > l3c- For finite-range models, we also 
prove that for any (3 < (3 the probability of an open path from the 
origin to distance n decays exponentially fast in n. 

For the Ising model, we prove finiteness of the susceptibility for 
/3 < /3c, and the mean-field lower bound (iTo)^ > for 

(3 > f3c- For finite-range models, we also prove that the two-point 
correlation functions decay exponentially fast in the distance for f3 < 

/3c. 

The paper is organized in two sections, one devoted to Bernonlli per¬ 
colation, and one to the Ising model. While both proofs are completely 
independent, we wish to emphasize the strong analogy between the two 
strategies. 

General notation. Let G = {V,E) be a locally hnite (vertex-)transitive 
inhnite graph, together with a hxed origin 0 e V. For n > 0, let 

A„ := {x € e : d(a;, 0) <n}, 

where d(.,.) is the graph distance. Consider a set of coupling constants 
(Jx,y)x,yGV with Jx^y = Jy^x ^ 0 for every x and y in V. We assume that the 
coupling constants are invariant with respect to some transitively acting 
group. More precisely, there exists a group F of automorphisms acting 
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transitively on V snch that J'y(x),'y(y) = Jx,y for all 7 e F. We say that 
iJx,y) x^yiV is finite-range if there exists R> 0 snch that Jx,y = 0 whenever 
d{x,y) > R. 

1 Bernoulli percolation 

1.1 The main result 

Let be the bond percolation measnre on G dehned as follows: for x, ?/ e 
V, {x,y} is open with probability 1 - and closed with probability 

Q-gJx,y_ yyg say that x and y are connected m S' c 1/ if there exists a 
seqnence of vertices {vk)o<k<K in S' snch that Xq = x, vk = y, and {vk,Vk+i} 

g 

is open for every 0 < k < K. We denote this event by x < — y. For A c 1 /, 

g 

we write x <—A for the event that x is connected in S to a vertex in A. 
If S' = 1^, we drop it from the notation. Finally, we set 0 —> 00 if 0 is 
connected to for all n > 1. The critical parameter is dehned by 

fic ■= inf{/9 > 0 : P/ 3[0 —> 00 ] > 0 }. 

Theorem 1.1. 1. For fi > fic, IP/3[0 ^ 00 ] > 

2. For fi < fic, the susceptibility is finite, i. e. 

Y, IP/ 3[0 ^ x] < 00 . 
x^V 


3. If {Jx,y)x., y^v is finite-range, then for any fi < fic, there exists c = 
c{/3) > 0 such that 


P/ 3[0 —> A^] < e for all n > 0 . 

Let ns describe the proof qnickly. For fi > 0 and a hnite snbset S' of V, 
dehne 

MS) := E E(1 - e-i’MMo « x). (1.1) 

xeS yfS 

This qnantity can be interpreted as the expected nnmber of open edges on 
the “external bonndary” of S' that are connected to 0 by an open path of 
vertices in S'. Also introdnce 


fic ■= snp{/3 > 0 : (pgi^S) < 1 for some hnite S' c 1/ containing 0}. (1.2) 

In order to prove Theorem 


1.1 


we 


show that Items and hold with fic 
in place of fic- This directly implies that fic = fic, and thns Theorem 0 
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The quantity (fi/siS) appears naturally when differentiating the prob¬ 
ability P^[0 A^] with respect to f3. Indeed, a simple computation 

presented in Lemma [l.4| provides the following differential inequality 

Tps[o« K] ^ <1-3) 


By integrating (1.1) between f5c and (3 > I3c and then letting n tend to 


inhnity, we obtain 


Now consider /3 < f3c- The existence of a finite set S containing the 
origin such that < 1, together with the BK-inequality, imply that 

the expected size of the cluster the origin is finite. 


1.2 Comments and consequences 

Bibliographical comments. Theorem 1 1 . 1 1 was first proved in |AB87) and 
|Men86] for Bernoulli percolation on the d-dimensional hypercubic 
lattice. The proof was extended to general quasi-transitive graphs in 
|AVn8] . The first item was proved in |CC87] . 


Nearest-neighbor percolation. We recover easily the standard results 
for nearest-neighbor model by setting = 0 if {x,y} i E, = 1 
if {x^y} e E, and p = 1 - e~^. In this context, one can obtain the 
inequality Pp[0 —> oo] > for p >Pchy introducing 

^piS)=p'Z E Pp[0^x]. 

xiS yfS 
{x,y}£E 

This lower bound is slightly better than Item of Theorem 
is provided by little modifications in our proof (see |DT15) for a pre¬ 
sentation of the proof in this context). 


1.1 and 


Site percolation. As in |AB87] . the proof may be adapted to site per¬ 
colation on transitive graphs. In this context, one can obtain the 
inequality Pp[0 oo] > [d is the degree of G) for p > pc by 

introducing 

^p{S) = Y. E Pp[0^x]. 

xiS yfS 
{x,y}GE 


Finite susceptibility against exponential decay. Finite susceptibility 
does not always imply exponential decay of correlations for infinite- 
range models. Conversely, on graphs with exponential growth, expo¬ 
nential decay does not imply finite susceptibility. Hence, in general, 
the second condition of Theorem 1.1 is neither weaker nor stronger 
than the third one. 


3 






















Percolation on the square lattice. On the square lattice, the inequal¬ 
ity pc ^ 1/2 was first obtained by Harris in |Har 6 n) (see also the short 
proof of Zhang presented in |Gri99] ). The other inequality pc < 1/2 
was first proved by Kesten in |Kes 8 n| using a delicate geometric con¬ 
struction involving crossing events. Since then, many other proofs 
invoking exponential decay in the subcritical phase (see |Gri99] f or 
sharp threshold arguments (see e.g. |BR06] ) have been found. Here, 
Theorem |l.l| provides a short proof of exponential decay and therefore 
a short alternative to these proofs. For completeness, let us sketch 
how exponential decay implies that Pc < 1 / 2 ; item implies that for 
p < Pc the probability of an open path from left to right in a n by n 
square tends to 0 as n goes to infinity. But self-duality implies that 
this does not happen when p = 1 / 2 , thus implying that Pc < 1 / 2 . 

Lower bound on 13c- Since (^; 3 ({ 0 }) = Ejyev 1 we obtain a lower 

bound on 13c by taking the solution of the equation Y,y<iV = 1 . 

Behaviour at 13c. Under the hypothesis that Eyev Jo,y < set 


{/3 > 0 : ^i 3 {S) < 1 for some finite S' c U containing 0 } 


defining j3c in Equation (1.1) is open. In particular, we have that 
a.t (3 = Pc = Pc, > 1 for every finite S' 3 0. This implies the 

following classical result. 

Proposition 1.2 f |AN84] b We have X; P/ 3 JO ^ x] = oo. 


Proof. Simply write 

( ^ 1 - • X! ^^[0 ^ 2;] > X! = 00. 

yeV xeV n>l 


□ 


Semi-continuity of Pc- Consider the nearest-neighbor model. Since Pc 
is defined in terms of finite sets, one can see that Pc is lower semi- 
continuous when seen as a function of the graph in the following 
sense. Let G be an infinite locally finite transitive graph. Let {Gn) 
be a sequence of infinite locally finite transitive graphs such that the 
balls of radius n around the origin in Gn and G are the same. Then, 


\imWi~Pc{Gn)>~Pc{G). 


(1,4) 


The equality Pc = Pc implies that the semi-continuity (1.2) also holds 
for Pc (this also followed from |Ham57| and the exponential decay in 
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subcritical, but the definition of (3^ illustrates this property readily). 
The locality conjecture, due to Schramm and presented in |BNP11] . 
states that for any e > 0, the map G /3c{G) should be continuous 
on the set of graphs with f3c <l-s. The discussion above shows that 
the hard part in the locality conjecture is the upper semi-continuity. 

Dependent models. For dependent percolation models, the proof does 
not extend in a trivial way, mostly due to the fact that the BK in¬ 
equality is not available in general. Nevertheless, this new strategy 
may be of some use. For instance, for random-cluster models on the 
square lattice, a proof (see |DST15] j based on the strategy of this 
paper and the parafermionic observable offers an alternative to the 
standard proof of |BD12a) based on sharp threshold theorems. 

Oriented percolation. The proof applies mutatis mutandis to oriented 
percolation. 

Percolation with a magnetic field. In |AB87] . the authors consider a 
percolation model with magnetic field defined as follows. Add a ghost 
vertex g iV and consider that {x, g} is open with probability 1 - e"^, 
independently for any x e V. Let /j be the measure obtained from 
P^ by adding the edges {x,g}. An important results in |AB87| is the 
following mean-field lower bound which is instrumental in the study 
of percolation in high dimensions (see e.g. |AN84] ). 

Proposition 1.3 ( |AB87] ). There exists a constant c > 0 such that 
for any h> 0, 

^ g]> cVh. 


In Section 1.5, we provide a short proof of this proposition, using the 
same strategy as in our proof of Theorem 0 


1.3 Proof of Item [T] 

In this section, we prove that for every f3 > 

Ps[0«c»]>4A. (1.5) 

Let us start by the following lemma. 

Lemma 1.4. Let (3 > t) and A c 1/ finite, 

Lp^o « A'] > i mf v>^(S) ■ (1 - P^[0 « A']). (1.6) 
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Before proving this lemma, let us see how it implies (1.3). By setting 
/(/3) = P^[0 —> A'^] in (1.4), and observing that (f/siS) > 1 for any (5 > /3c, 
we obtain the following differential inequality: 


, 1 


for /3 e (/3c, oo). 


(1.7) 


Integrating (1.3) between (3c and (3 implies that P/3[0 A'^] = /(/3) > 

for every A c f/. By letting A tend to V, we obtain (1.3). 


/3-A 

3 


Proof of Lemma H Let (3 > 0 and A. Dehne the following random subset 
of A; 

y ■■= {x & A such that x A'^}. 

Recall that {x, y} is pivotal for the conhguration u and the event {0 A'^} 

if uj[x,y} i {0 ^ A'^} and e {0 —> A'^}. (The conhguration uj{x,y}, 

resp. coincides with uj except that the edge {x,y} is closed, resp. 

open.) 

Russo’s formula f |Rus78| or |Gri991 Section 2.4]) implies that 


^P/ 3 [ 0 ^A^]= ^ J^,j^P^[{x,?/} pivotal] (1.8) 

{^,y} 

> ^ X! “ e"^'^^’^)P/ 3 [{a;,|/} pivotal and 0 A'^] 

{^,y} 

- 7 X! X! ~ e~^'^^'^)Fi 3 [{x,y} pivotal and y' = S']. 

530 {x,y} 


In the second line, we used the inequality t > 1 - e~^ for f > 0. Observe 
that the event that {x,y} is pivotal and ^5^ = S' is nonempty only if x e S' 
and y i S, or y e S and x i S. Furthermore, the vertex in S must be 
connected to 0 in S'. We can assume without loss of generality that x e S' 

g 

and y i S. Rewrite the event that {x,y} is pivotal and ^ = S' as {0 

g 

x} n (y - S}. Since the event (y = S} and {0 -«—>■ x} are measurable 
with respect to the state of edges having one endpoint in R \ S', and edges 
having both endpoints in S' respectively. Therefore, the two events above 
are independent. Thus, 


P/ 3 [{x, y} pivotal and ^ = S'] = P^[0 x]P^[^ = S']. 


Plugging this equality in the computation above, we obtain 


d(3 


A1> JE¥’3(S)I*3[.S<' = S] 

530 

S3U 


(1.9) 
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The proof follows readily since 

^ ¥p[y = S] = P^[0 e = P^[0 ^ A'^] = 1 - P^[0 -- A'^]. 

SsO 


□ 

Remark 1.1. In the proof above, Russo’s formula is possibly used in infi¬ 
nite volume, since the model can be infinite-range. There is no difficulty 
resolving this technical issue (which does not occur for finite-range) by fi¬ 
nite volume approximation. The same remark applies below when we use 
the BK inequality. 

1.4 Proof of Items [2] and [3] 

In this section, we show that Items and in Theorem 
place of (5c- 

Lemma 1.5. Let /9 > 0, and u ^ S A and B n S = 0. We have 
Ff,[u 5] < ^ ^(1 - ^ x]F^[y A B], 

x£S yiS 


1.1 


hold with (5c 


m 


Proof of Lemma 1.5} Let u ^ S and assume that the event u <—> B holds. 
Consider an open path {vk)o<k<K from u to B. Since R n S' = 0, one 
can define the first k such that Vk+i i S. We obtain that the following 
events occur disjointly (see |Gri991 Section 2.3] for a definition of disjoint 
occurrence): 

• M is connected to Vk in S', 

• {vk,Vk+i} is open, 

• Vk+i is connected to B in A. 

The lemma is then a direct consequence of the BK inequality applied twice 
{vk plays the role of x, and Vk+i of y). □ 

Let us now prove the second item of Theorem 0 Fix (5 < (5c and S 
such that (Pi 3 {S) < 1. For A c 1/ finite, introduce 


x(A,/3) := max lE P/ 3 [m n] ; m € a|. 

For every u, let Su be the image of S by a fixed automorphism sending 0 
to u. Lemma [l.5| implies that for every n € A \ Su, 


u < — 1 ^] S ^ ^ P/ 3 [m x](l - e v]. 

y^Su 
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Summing over all u e A \ S'^, we find 


E 

veA\Su 


Using the trivial bound P/ 3 [m u] < 1 for u € A n Su, we obtain 


veA 





-^v] 

A 

VI 


Optimizing over u, we deduce that 

a(a,/?)< 

which implies in particular that 

A 


|A| 


1-MS) 


|A| 


^P[ 0 ^x]< 

The result follows by taking the limit as A tends to V. 

We now turn to the proof of the third item of Theorem o A similar 
proof was used in |Ham57) . Let R be the range of the {Jx,y)x,y<^v, and let 
L be such that S c Lemma 1.5| implies that for n> L, 

Ps [0 « Ay < E E(1 - x]¥^[y « Ay 

x^S yiS 

< 4=s(S)Ps[0 « Ay J, 


In the last line, we used that y is connected to distance larger than or equal 
to n - L since 1 - = 0 if x e S' and y is not in A^. By iterating, this 

immediately implies that 


Pj[o« Ay < 


1.5 Proof of Proposition [1.31 

Let us introduce M(/3, h) = P/9,/i[0 g'). 

Lemma 1.6 f |AB87| L 


dM 


(EA.dAl 

x^V 


dM 

dh 


( 1 . 10 ) 
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Proof. Consider a finite subset A of V. Russo’s formula leads to the fol¬ 
lowing version of (|1.3|): 


^ A'’u {51}] 
d(3 


Y, pivotal]. 

{x,y} 


The edge {x,y} is pivotal if, without using {x,y}, one of the two vertices is 
connected to 0 but not to A'^u { 51 }, and the other one to A'^u {g}. Without 
loss of generality, let us assume that x is connected to 0 , and y is not. 
Conditioning on the set 


= { 2 ; e A : ^ A”’ u {g} without using {x, y}}. 


we obtain 


y} pivotal] < Fi 3 ,h[y ^ A'’ u {g}] ■ P; 3 ,h [0 ^ x ,0 ^ A^u { 51 }]. 
Plugging this inequality in ( |1.3| ) and letting A tend to V, we find 

{ 0 , 3 /} xsV 

We conclude by observing that if C denotes the cluster of 0 in V, we find 
f)M f) / °° \ °° 

sir = 

00 

= E E ^ 1^1 = = E ^x,0^g]. 

n=Q xiV xiV 

□ 


Another differential inequality, which is harder to obtain, usually com¬ 
plements ( 1 . 6 ): 

This other inequality may be avoided using the following observation. 
The differential inequality (1.4) is satisfied with P^[0 -«—> A'^] replaced by 
P/ 3 ,ft [0 ^ {g} u A'^], thus giving us for 13 > f5c and h > 0 , 

f ^}(1-M) 

(at 13 = (3c, we use the fact that ^ 1 for every finite S' 3 0, see the 

comment before Proposition |1.2[). When (3 > 13c this implies that 


1-M < (3^ < (3{YJo,x)M^^ 

xeV 


dh ’ 


( 1 . 12 ) 


which immediately implies the following mean-field lower bound: there 
exists a constant c > 0 such that for any h > 0 , 

^ 9 ]= M{/3c,h) > c\/h. 
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Remark 1.2. While (1.5) is slightly shorter to obtain that (1.5), the later 
is very useful when trying to obtain an upper bound on M{f3c, h). 


2 The Ising model 

2.1 The main result 

For a hnite subset A of V, consider a spin conhguration a = (a^ : x € A) e 
{-1,1}^. For /3 > 0 and h e M, introduce the Hamiltonian 

Jx,y^x^y ~ h (Jx- 

x^y^A X&A 

Dehne the Gibbs measures on A with free boundary conditions, inverse- 
temperature 13 and external held h e M by the formula 

E exp[-/3ilA,/3,A(cr)] 

for / : {-1,1}^ —> M. Let the inhnite-volume Gibbs measure (■)/ 3 ,h be the 
weak limit of (■)A,/ 3 ,h as A /' V. Also write (■)^ for the weak limit of 
as h \ 0. 

Introduce 

/3c ■■= inf{/3 > 0 : (do)^ > 0}. 

Theorem 2.1. 1. For (3 > /3c, (o'o)'^ > 

2. For /3 < /3c, the susceptibility is finite, i. e. 

E(^ocrx)^ < oo- 

xiV 


3. If {Jx,y)^., ,yev is finite-range, then for any /3 < /3c, there exists c = 
c{/3) > 0 such that 


{<^o<^x)y ^ e Jqj. dll X eV. 

This theorem was hrst proved in |ABF87) for the Ising model on the 
d-dimensional hypercubic lattice. The proof presented here improves the 
constant in the mean-held lower bound, and extends to general transitive 
graphs. 
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The proof of Theorem 2.1 follows closely the proof for percolation. For 
> 0 and a hnite subset S' of Id, dehne 

‘ds(/5) := E E tanh(/3J3.,y)((Tocr,r)5,/9,o, 

xeS yiS 


which bears a resemblance to (1.1). Similarly to (1.1), set 


Pc ■= sup{/9 > 0 : (pi 3 {S) < 1 for some hnite S' c 1/ containing 0}. 

In order to prove Theorem |2.1|, we show that Itemsandhold with 


Pc in place of Pc- This directly implies that Pc = Pc, and thus Theorem 
The proof of Theorem 2.1 [proceeds in two steps. 


2.1 


As for percolation, the quantity (^/^(S') appears naturally in the deriva¬ 
tive of a “hnite-volume approximation” of (cro)/ 3 ,/i. Roughly speaking (see 


Lemma 2.6 for a precise statement), one obtains a hnite-volume version of 
the following inequality: 

k f inf (^^(S) • (1 - 

This inequality implies, for every P > Pc, 


{<^o)/3,h > 




and therefore Item by letting h tend to 0. 

The remaining items follow from an improved Simon’s inequality, proved 
below. 

Remark 2.1. The proof uses the random-current representation. In this 
context, the derivative of ((T o)g ^ has an interpretation which is very close 
to the diherential inequality (1.4). In some sense, percolation is replaced by 
the trace of the sum of two independent random sourceless currents. Fur¬ 
thermore, the strong Simon’s inequality plays the role of the BK inequality 
for percolation. 


2.2 Comments and consequences 

1. The random-cluster model (also called Fortuin-Kasteleyn percola¬ 
tion) with cluster weight g = 2 is naturally coupled to the Ising model 
(see |Grin6] for details). The previous theorem implies exponential 
decay in the subcritical phase for this model. 

2. Exactly like in the case of Bernoulli percolation, the critical parameter 
of the random-cluster model on the square lattice with q = 2 can be 
proved to be equal to \/2/(l + \/2) using the exponential decay in the 
subcritical phase together with the self-duality. 
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3. The previous item together with the coupling with the Ising model 
implies that f3c = |log(l + V2) on the square lattice (see |Ons44 
IBP 12b] for alternative proofs). 

4. Exactly as for Bernoulli percolation, we get that ^ 1 for any 

finite set S' 3 0, which implies the following classical proposition. 

Proposition 2.2 ( |Sim8nj ). We have = °°- 

x^V 


Proof. Use Griffiths’ inequality (2.3) below to show that for x e \ 

Aji-i, 

Wo(^x )^ {(^0^x)pc,0 ^ {^0(^x)An,Pc,0 

so that 


( E tanh(/3 Jo,j/)) ■ E {(^o(Tx)X ^ E = oo. 

y^V x^V n>l 


□ 


5. The equality /3c = /3c implies that j3c is lower semi-continuous with 
respect to the graph (see the discussion for Bernoulli percolation). 

6 . In |ABF87j . the authors also prove the following result. 

Proposition 2.3 f |ABF87j b There exists a constant c > 0 such that 
for any h>t), 


We present in Section |2.6| a short proof of this proposition, using the 


same strategy as in our proof of Proposition 1.3 


2.3 Preliminaries 

Griffiths’ inequality. The following is a standard consequence of the 
second Griffiths’ inequality |Gri67| : for /3 > 0, h > 0 and S' c A two finite 
subsets of V, 

(o'o}s,p,h < (o'o}A,p,h- (2.1) 


Random-current representation. This section presents a few basic 
facts on the random-current representation. We refer to |Aiz821 IKFM 
IABF87j for details on this representation. 

Let A be a finite subset of V and S' c A. We consider an additional 
vertex g not in V, called the ghost vertex, and write 1^2 (S' u {(/}) for the 
set of pairs {x,y}, x,y ^ S u {g}. We also define = hjfi for every x e A. 
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Definition 2.4. A current n on S' (also called a current configuration) is 
a function from D {g}) io {0,1,2, A source of n = ■ {x,y} € 

0 ^2 {S u {(7})) is a vertex x e S a {g} for which Y,y^s'^x,y is odd. The set 
of sources of n is denoted by dn. We say that x and y are connected in n 
(denoted by x < — y) if there exists a seguence of vertices Vo,Vi,... ,vk in 
S u {g} such that Vq = x, Vk = y and > 0 for every Q <k < K. 

For a finite subset A of iS and a current n on A, define 

w[u)=w{ii,fi,h)-.= -j—. 

{x,?;} 6 ^ 2 (Au{ 9 }) W,y 

From now on, we will write E 9 n=y 4 fhe sum running on currents on S 
with sources A. Sometimes, the current n will be on S'' c S' (and therefore 
the sum will run on such currents), but this will be clear from context. 


An important property of random currents is the following: for every 
subset A of A, we have 




Ean= 0 w(n) 
^dn=Au{g} ^(h) 

^ Ean= 0 W^(n) 


if A is even. 


if A is odd. 


We will use the following standard lemma on random currents. 


( 2 . 2 ) 


Lemma 2.5 (Switching Lemma, |Aiz82( Lemma 3.2]). Let A c A and 
u,v e Au {g}. Let F be a function from the set of currents on A to M. We 
have 


Y) F(ni+n2)M;(ni)M;(n2) = Y A'(ni+n2)w(ni)M;(n2)I[M n], 

dni=AA{u,v} drii^A 

dn2={u,v} dn2=0 

(2.3) 

where A is the symmetric difference between sets. 


Backbone representation for random currents. Fix a finite subset 
A of 1/. Choose an arbitrary order of the oriented edges of the lattice. 
Consider a current n on A with c^n = {x,y}. Let ^(n) be the edge self¬ 
avoiding path from x to y passing only through edges e with Ug > 0 which 
is minimal for the lexicographical order on paths induced by the previous 
ordering on oriented edges. Such an object is called the backbone of the 
current configuration. For the backbone u: with endpoints du = {x,yfi set 


Pk{uj) = pA{/3,h,u) := 


EanKx,y}w(n)I[a;(n) 

Ean= 0 '«^(n) 


w] 
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The backbone representation has the following properties (see (4.2), (4.7) 
and (4.11) of |AF 86 ] for PI, P2 and P3 respectively): 

PI A,l3,h — Saa;={3;,j/} Pa(^)- 

P2 If the backbone u is the concatenation of two backbones ui and u :2 
(this is denoted by a; = cji o a; 2 ), then 

Pa(w) = PA(i:^l)pAxaJi(i:^2), 

where ui is the set of bonds whose state is determined by the fact 
that Ui is an admissible backbone (this includes bonds of ui together 
with some neighboring bonds). 

P3 For the backbone u not using any edge outside T c A, we have 

Pk{u:) < 


2.4 Proof of Item [T] 

In this section, we prove that for every f3 > (3c, 


{(^ 0)0 k 




/3 - V ~W 

For a finite subset A of n, introduce the quantity 

..X . (o'o)a,/3,a 

c(A) := mm -—r-. 

y^A {ay)A^i3^h 

Lemma 2.6. Let (3 > 0, h > 0, and A c 1/ finite containing 0. Then, 


(2.4) 


d 

dfi' 




By setting f((3) = (o'o)a/ 3 /i) ^^e inequality (2.6) becomes the differential 
inequality 

f'ifi) 2c(A) ^ ^ ,3 X 

^ ^ ^ ^ ioT (3e{fic,oo). 


l-/(/5)“ (3 


( 2 . 6 ) 


We may integrate Equation (2.4) between (3c and (3 to get 


{(^o)A,0,h > 


( 3 ^c{A) _ 


2c(A) 

C 


l32c{A) 


(2.7) 


Now, let us restrict our attention to boxes A„, n > 1. Let y e An and 
A 2 n{y) be the image of A 2 n by a fixed automorphism sending 0 to y. Since 


An A 2 n{y), Griffiths’ inequality (2.3) implies that 

{^y)An, 0 ,h ^ {^y)A 2 n{y), 0 ,h = (((’’o)a2„,/3,/i- 
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Therefore, for every n > 1 we have 


(q'o)A„,/ 3 ,fe 

(o'o)a2„,/3,/* 


< c(An) < 1. 


( 2 . 8 ) 


Together with the fact that {<Jo)a„, i3,h tends to (cTo)/ 3 ,h as n tends to infinity, 
(2.4) and (2.4) imply that 




Inequality (2.4) follows by letting h tend to 0. 


In order to prove Lemma 2.6, we use a computation similar to one 
provided in |ABF87] . 


Proof of Lemma \2. hj Let (3 > 0, h> 0 and a finite subset A of V. Set 

Z:= Y, ^(n)- 


dn=0 


The derivative of {<Jo)K,p,h is given by the following formula 

; 7 ^( o - o ) a ,/ 3 ,/i = Y ■Jx,y{{o-oaa:ay)A^f}^h- {o^o)A,f},h{o^x0^y)A,f},h)■ 
^P {x,y}cA 


Using (|2.3|) and the switching lemma, we obtain 
1 

~7P 


d 1 ni+n 2 

-T^{(ro)AAh = ^ E E w(ni)u;(n2)I[0 ^ g]. 

P {x,y}cA dni = {0,g}A{x,y} 

dn 2=0 


If ni and n 2 are two currents such that dmi = {0,g}A{x,y}, dn 2 = 0 and 
0 and g are not connected in ni + 112 , then exactly one of these two cases 
holds: (J X and y < —( 7 , or U y and x < — g. Since the second 
case is the same as the first one with x and y permuted, we obtain the 
following expression. 


,o(<^o)a,/3,/i y2 E '^x,ySx,y, 

“P ^ x^AyeA 


(2.9) 


where 


^x,y — 


E 

5ni={0,g}A{3;,i;} 

9n2=0 


ni+n 2 

w{n,)win 2 )l[ 0 ^ZAl^ x,y^^^ g,0 ^ g] 


(see Fig. [^and notice the analogy with the event involved in Russo’s for¬ 
mula, namely that the edge {x,y} is pivotal, in Bernoulli percolation). 
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0 


. y 


Figure 1; A diagrammatic representation of 5x^y'- the solid lines represent 
the backbones, and the dotted line the boundary of the cluster of 0 in 

ni + Yi2 


Given two currents ni and n 2 , and dehne ^5^ to be the set of 

vertices in A u { 51 } that are not connected to in ni + n 2 . Let us compute 
5x^y by summing over the different possible values for 

, , ni+n 2 

^x,y = Y, E w(ni)n;(n 2 )I[^o = -S ',0 "4-4" x ,y "4-4" ^ g] 

S<zhu{g} dni = {0,g}A{x,y} 
dn 2=0 


= E E w{ni)w{n 2 )l[yo = g]. 

ScAu{g} ani={0,5}A{x,y} 
s.t. y,g^S dn2=0 

and O^x^S 

Since 0 and x are not connected to ?/ in rii + n 2 (recall that y € S'), we 
deduce that y must be connected to g in rii because of the constraints on 
sources. Thus, the indicator I[|/ 4-4" g'\ equals 1 for any currents ni and 
n 2 satisfying - S. Therefore, 

^x,y = E E w(ni)t(;(n 2 )I[^o = -S']. ( 2 . 10 ) 

5cAu{g} dni = {0,g}A{x,y} 

S.t. y,g^S dn2=0 

and 0 ,tiles' 

Let us now focus on the following claim. 


Claim 1: Let S' c A containing y and g but neither x nor 0. ITe have 


Y tc(ni)t(;(n2)I[^o =-S'] (2.11) 

9ni={0,g}A{a;,y} 

0 n2=0 

>-—^- Y w{ni)w{n2)l[yo = g], 

yy)A,l3,h ani={0}A{a;} 

9n2=0 
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Proof of Claim 1. Let 

0= Yj w(ni)w(n2)I[^o =-S'], 

9ni = {0,3}A{a;,j/} 
dri 2=0 

When = S, the two currents ni and n 2 vanish on every {u,v} with u € S' 
and V i S. Thus, for i = 1,2, we can decompose iij as 

rij = nf + nf 

where nf denotes the current 




|ni({M,n}) iiu,veA, 
lO otherwise. 


Note that dnf = An dui and tc(nj) = w{nf''^)w{nf). 

Since l[S^o = S'] does not depend on nf, the decomposition ni = nf + 

nA \5 gjygg 


0 = 


Y u;(nf^^)M;(n 2 )I[^o = *5]( Y 

9n^^'®={0}A{a:} dnf={y,g} 

dn 2=0 


Using ( |2.3| ), we find 

0 = E w^(nE^)u;(n 2 )I[^o =E 

anU-®={ 0 }A{a;} " ^ 

dn 2 =0 


dnf=0 


Multiply the expression above by {<Jy)A^i 3 ,h ^ {o'y)s,p,h (which follows from 
( 2.3[ )), and then decompose n 2 into nf and nf^'^ to hnd 

{(Ty)A,fi,hQ> Y w(^i^^)win2)l[yo = S]{ay)%p,^(^ E 

9nU®={0}A{a;} dnf=0 

dr\ 2=0 

Y w;(nE^)u;(nf"^)I[^o = -5](f^j/)|,/3,h 

enU®={0}A{a;} 

(9n2 ^'®=0 

( E w^(nf)u;(nf)) 

anf=0 

9n|=0 

E w;(nf^)n;(nf^)I[^o = 

9nU-®={0}A{a:} 

9n^^'®'=0 

( E M^(nf)w(nf)) 

(9nf={y,g} 

= E tc(ni)M;(n2)I[^o = -S']. 

ani={0}A{a;}A{y,g} 

dn2={yA 
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The switching lemma (2.5) applied to F = l[F^o = S'] implies 


(o-y)A,/3,h0 > X! u;{ni)w{n 2 )l[yo = g]. 

c)ni={ 0 }A{x} 

8 x 12=0 

□ 


Inserting (2.4) into (2.4) gives us 
1 


ni+n2 


^x,y ^ 


A,l 3 ,h 9 ni={ 0 }A{a;} 
8 x 12=0 


Y, w(ni)w(n 2 )l[y ^'^,0 ^ g] 


We now decompose over the possible values of (recall that is the set 
of vertices not connected to g): 

1 , ni+n 2 

Sx,y>-. —T- Y E w{ni)w(n 2 )l[yg = g,0 ^ g] 

\(^y)A,8,h ScA ani={ 0 }A{x} 

8 x 12=0 

= — E - Y Y w{ni)w(n2)l[yg = S]. (2.12) 

\Oy)A,8,h 5 cA ani={ 0 }A{a;} 
s.t. 0 ,x^S 8 x 12=0 

and y(S 

In the second line, we used the constraint on the sources, which imply that 
X is connected to 0, and therefore, belong to F^g. 


Claim 2: Let S c A containing 0 and x but neither y nor g. We have 


Y w(ni)w(n2)l[yg = S] 

8 xii={ 0 }A{x} 

8 x 12=0 


= Y w(ni)w{n2){ijQax)sfli[y'g = S]. 

8xii=0 

8x12=0 


(2.13) 


Proof of Claim 2. For currents ni and 112 such that C^g = S', rii can be 
decomposed as ni = nf + as we did for = S' in the previous 

claim. Using that tc(ni) = w{nf together with the fact that 

l[y'g = S'] does not depend on nf, we hnd that 

X; M;(ni)M;(n2)I[=r3 = ^] 

9 ni={ 0 }A{a:} 

8x12=0 

Y w(nX^''^"^)w(n2)I[^3 = S]( Y «^(nf)) 

9 nf={ 0 }A{x} 

8x12=0 

Y w(nf''^®^"^)u;(n2)I[^g = A]( X! w;(nf))(croa,,)s,^,o 

9nf=0 

9n2=0 

= X! w(ni)w(n2)(crocra;)s,/3,oI[^g = S']. 

8x11=0 

8x12=0 
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In the third line we used (2.3) and in the fourth line, we recombined nf 


with n 


Au{g}\S 
1 


□ 


Inequality (2.4) and ( |2.4[ ) imply that 
1 


\ 

\<7y/A,/3, 


E E w(ni)w(n2)(croa,^,)s,/3,oI[=^g = 5']. 


h ScA 9ni=0 
s.t. 0,x^S dn 2=0 
and y^S 


By plugging the inequality above in (2.4), we find 
-^{^o)Xi3,h = 2(cro)A,/3,h^(o'o)A,/3,/i 


2 ^ ^ ^ {o'o)a, j3,h 


^ ^ E E E ) 

ScAx€S yiS \^y/ 
SbO 


dni =0 
9n2=0 


E w(ni)w(n2)^x,g(crocr2;)5,/3,oI[^g = -S'] 


Z2 


E ( E E E w(ni)w(n2)l[^g = ^]) 

ScA xiS ytS \^yl 9ni=0 

SsO 


9ni=0 

9n2=0 


Bounding from below (cTo)A,/3,h/(o'y)A,/3,fe by c(A) and making (p^{S) appear, 
we find 


E w{ni)w{ii2)l[yg = S] 

d I \2 2c{A) ^ ani=an2=0 

jn\^ 0 lA,P,h- n \ \ 

dp P scA E w{ni)w{n 2 ) 

‘S'^O 9ni=5n2=0 

E w^(ni)w(n2)(l-I[0 

2c{A) ! , 9ni=9n2=0 


ni+n2 


(2.14) 

9]) 


E w(ni)w(n2) 

(9ni=9n2=0 


In the first inequality, we used that Jx,y > ^tajih.{(3Jx,y)- Using (2.5) and 
(2.3) one more time, we finally obtain 






□ 


Remark 2.2. Inequality (2.4) is reminiscent of (1.3). Indeed, one can con¬ 
sider a measure P/3 on sourceless currents attributing a probability propor¬ 
tional to tC/3(n) to the current n. Then, (2.4) can be rewritten as 




^ ^ E'MS)P0»Pi!(.yi, = s). 

P SsO 


Interpreted like that, the sum of two independent sourceless currents plays 
the role of the percolation configuration. 
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2.5 Proof of Items [2] and [3] 


2.1 


hold with Pc 


in 


In this section, we show that Items and in Theorem 
place of Pc- 

We need a replacement for the BK inequality used in the case of Bernoulli 
percolation. The relevant tool for the Ising model will be a modihed version 
of Simon’s inequality. The original inequality can be found in |Sini80| . see 
also |Lie8n] for an improvement. (Those previous versions do not suffice 
for our application). 


Lemma 2.7 (Modihed Simon’s inequality). Let S be a finite subset of V 
containing 0. For every z eV \ S, 


EE tanh{pj^^y){ao(T^)s,yfl{(Tyaz)p. 

xeS yiS 

Proof. Fix h > 0 and A a hnite subset of V containing S. We introduce the 
ghost vertex g as before. 

We consider the backbone representation of the Ising model on A u {g} 
dehned in the previous section. Let oj = (vk)o<k<K be a backbone from 0 to 
^ (it may go through g). Since z i S, one can dehne the hrst k such that 
Vk ^ A \ S and set y = Vk- Also set x to be the vertex of S visited last by 
the backbone before reaching y. The following occurs: 

• OJ goes from 0 to x staying in S' u {g}, 

• then OJ goes from x to y either in one step by using the edge {x,y} 
or in two steps by going through {x,g} and then {g,y}, 

• hnally u goes from y to z m. A u {gP 

Call oji the part of the walk oj from 0 to x, 0J2 the walk from x to y, and 
oj^ the reminder of the walk oj. 

Using Property PI of the backbone representation, we can write 


du)={0,z} 


Then, P2 applied with ui and 0 J 200 J 3 and then with 0 J 2 and 0 J 3 implies that 
(<70^2)A,/3,ft is bounded from above by 


EE E Pa(wi)( X! PANa7r(^2)( E 

xeS j/eA\S 9aji={0,a:} duj 2 ={x,y} dLJ 3 ={y,z} 


PI and then Griffiths’ inequality (2.3) imply that 

X! PK\u)iou)2 (^ 3 ) ~ {(^y^^z)A\uJiouJ2,l3,h ^ {(^y^z)A,l3,h- 
du]3={y,z} 

Inserting this in the last displayed equation gives 

^E E ( E PA(a;i)( ^ PA\ui\ (^2 ) 11 )A,/3,ft' 

xeSy^A\S duji={0,x} doJ 2 ={x,y} 
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Since 0 J 2 uses only vertices x, y and P3 and then PI lead to 

Ph\Lj^iS^2) ^ X! P{x,y}{.^2) - {x,y},P,h 

duj 2 ={x,y} duJ 2 ={x,y} 

which gives 

{o'oO'z)A,l3,h ^ E E ( E pa(c^i))( (^x(^y) {x,y},l3,h{(^y(^z) K,0,h- 

xeS y^A\S 5a;i = {0,a;} 

Finally, P3 can be used with the fact that cui c S' u {g} to show that 

{(^O(^z)A,0,h E E psM){ '^x'^y){x,y},0,h{'^y'^z)A,0,h 

xeSy£A\S du)i={0,x} 

<-Z E {^CTqCTx)S, 0,h {(^x(^y){x,y},0,h {^y^z)A,0,h 

xeS y£A\S 

(we used PI in the second line). Let A tend to V to obtain 

{o'O<^z)0,h <-T. E {(^0(^x)S,0,h {(^x'^y){x,y},0,h {'^y'^z)0,h- 

xeSy£V\S 


Let now h tend to 0 to find 

• {(^o(^z) 0 ,h and {ayaz) 0 ,h tend to (aocx^)^ and {oyO^Y^ respectively. 

• (croO'x)s,/ 3 ,h tends to (since S is finite). 

• {(^x(^y}{x,y},0,h teuds tO {o'x^y}{x,y},0,O ~ tanh(/3i/3;^y). 

Using one last time that S is finite, we deduce that 

{(^o(^z)} < E E tanh{(]J^^y){aoa^)s,0,o{^y(^z)0- 

x€Sy€V-.S 


□ 

We are now in a position to conclude the proof. Let (3 < (3c- Fix a finite 
set S such that ^^{S) < 1. Define 

Xn(l3) ■■= max{ ^ {(^xC^yY ■ X ^ ^n}- 

y^An 


By the same reasoning as for percolation, we can use Lemma 2.7 to show 
that 


Xni/3) < |*F| + X! E ^anh{pj^^y){aoaYs,0,o Xn{/3) < |^| + 0{S)xn{l3)- 

\xiSytS / 

Letting n / 00 , we obtain the second item. 
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We finish by the proof of the third item. 
iJx,y)x,yiV, and let L be such that S c 
any ^ with d(0, z) >n> L, 


Let R be the range of the 
Lemma 2.7 implies that for 


EE t&n\i{l3Ja:,y){(JoaYs,f},o{(^y(^zYp < max((TyCr^)^. 

xiSytS 


Note that d{y,z) > n - L. If d{y,z) < L, we bound {cyazY by 1, while if 
d{y, z) > L, we apply the previous inequality to y and z instead of 0 and z. 
The proof follows by iterating [n/Lj times this strategy. 


2.6 Proof of Proposition |2.3| 

Let us introduce M{/3, h) = {(To)y,h- Recall that M{P, h) is differentiable in 
{(3, h) away from the line h = 0. 

As in the case of percolation, the proof in |ABF87] invokes three inequal¬ 
ities (the pages below refer to the numbering in |ABF87) i: the differential 
inequality (1.12) page 348, 


dM 


( E V 


dM 


(2.15) 


the more difficult differential inequality (1.9) page 347, as well as (1.13) 
page 348. Below, we combine Lemma 2.6| with (2.6) to conclude the proof 


without using (1.9) or (1.13) of |ABF87 


Since M{/3,h) is differentiable for h > 0, we may pass to the limit A /' V 


in Lemma 2.6 to get 


M 


dM 




■ mY 


for h > 0 and (3 > Y 
and for any f3 > 13c, 


see 


(2.6), we hnd 


once again we used that > 1 for any hnite S' 3 0 

the comment before Proposition |2.2[). Together with 


dM 


-(i-j\n)<M—<(y j„Pm 




dp 


yeV 


dM 

dh 


which immediately implies that there exists a constant c > 0 such that for 
any h > 0, 


{(^o)y„h = M{Pc, h) > ch^!^. 


To conclude this article, let us 


recall the proof of (|2.6) for completeness. 


Lemma 2.8 ((1.12) page 348 of |ABF87] i. On (0, 1) x (0, oo), the function 
M satisfies the following differential inequality: 


dM 

~dp ~ 


(E 


dM 

dh 
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Proof. Let /3 > 0, h> 0. We have 


dM 

'W 


Jx,y(^{^O^x^y} fi,h {^o} fi ,h{^ x^y) jS ,h^ ■ 

{x,y} 


The Grifhth-Hurst-Sherman inequality |GHS7nl (2.8)] gives 


{o'oO'xO'y ')^ ((^O^a;)/3,/i {^o}l3,h{(^x}f},h'){(^y}f3,h 

i.i^O^y')I3,h ~ {^o}I3,h{^y')/3,h^{^x}/3,h- 


This implies that 


dM 

'W ~ 


( ^ ^0,y^ ^ ^{(^0(^x)l3,h {o'o)i3,h{o'x)p,h^ “ ( S 

yiV ^ yiV 


M 


dM 

~dh' 


□ 
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